In the context of wave propagation through acoustic media, an analytical approach is developed to study the (normal) incidence of a pressure wave into a periodic array of (thin) elastic membranes. The frequency of this wave is assumed in a range implying the so-called one-mode (far field) propagation, so that mild approximations holding in this range can be employed. Thus, the problem is reduced to some integral equations based on the opening between adjacent membranes and independent of the frequency. By means of the (analytical) solutions of such equations, an explicit formula for the transmission coefficient is set up and reflected in some figures for concrete values of the various parameters involved. The peculiarities of the scattering structure are discussed.
Formulation of the problem and reduction to integral equations.
We consider an unbounded acoustic medium of density ρ a in which there is a periodic distribution of coplanar parallel (thin and flat) elastic membranes, each one subjected to the same (given) biaxial tension. If z denotes the axis along which such (infinite) membranes run, Figure 1 shows the section of the structure with (any) normal plane xy. The period of the array is 2a, while the width of each membrane is 2b (b < a).
In the harmonic regime, we assume that a plane pressure wave of given amplitude p 0 and circular frequency ω,
is incident from x = −∞ onto the membranes' array, giving rise to scattered waves on the left (x < 0) and right (x > 0) sides of the structure. Above, k is the wave number, and ω/k gives the (constant) wave speed in the medium. Throughout the sequel, the time dependence factor e −iωt is common and will often be omitted. Thanks to the natural symmetry and periodicity, the problem can be restricted to the typical strip |y| < a, in which the (section of a) membrane occupies the segment |y| < b at x = 0. By the same reason, the following Fourier representations can be given for the total field in the two main regions of the structure: B n e −q n x cos πn a y, x > 0, (2.2b) where all capital letters denote unknown constants and q n = (πn/a) 2 − k 2 , n= 1, 2, ... , (2. 2c) in order that each wave mode in the series above be a trivial solution of the governing (Helmholtz) equation
In such a series, we prefer to extract the terms with n = 0, putting A 0 = p 0 R, B 0 = p 0 T ; q 0 = −ik by a radiation condition. As it is due, ∂p/∂y = 0 ∀x at y = ±a .
Taking ω in the range such that
implies q n > 0 ∀n ≥ 1, and thus guarantees the so-called one-mode (far field) propagation, since with distance from the membranes only the wave modes of order zero will remain non-vanishing in Eqs. (2.2) . In this case, the corresponding (non-dimensional) coefficients R and T are referred to as the scattering parameters of the structure. The (linear) motion of an elastic membrane surrounded by a pressure field p is governed by the following equation [7, 8] :
whereŵ is the (out-of-plane) displacement field, while τ and ρ e are positive constants which denote the given biaxial tension (force per unit length, here along z) and material density (mass per unit area) of the membrane, respectively. Of course, in the present (linear) context the pressure wave field interacts with the membranes imposing a vibrating motion of harmonic type with the same circular frequency ω [7, 8] . As a consequence, the stationary governing equation for the x-component (only non-trivial) of the displacement field of the typical membrane,ŵ(y, t) = e −iωt w(y), reads now as
By symmetry, w(y) is an even function. The membrane is clamped at |y| = b, so that as a boundary condition we have
Moreover, the pressure field on the membrane should be coupled with the motion of the membrane by equating the x-components of the velocities at x = 0 :
where that component of the velocity field in the acoustic medium, v a , is here governed by the equation
Such a coupling clearly implies 
which implies the (even) solution
where we put
By using Eq.(2.6b), we obtain the following explicit expression for the displacement field of the membrane: 
Now, the idea is to define a new unknown function g(y) on the opening b < |y| < a, as follows:
where by w(y) on the opening we mean the function on the right-hand side of Eq.(2.14) accordingly extended. Clearly, g(y) is even. Let us put
By using Eq.(2.2b), we can integrate Eq.(2.16) over the total width |y| < a to obtain the following formula for the coefficient T (in terms of B n ) :
(2.18)
Repeating the integration of Eq.(2.16) after multiplying by cos(πmy/a), m = 1, 2, ..., gives
sin Ωa cos Ωb
The series above can be substituted from Eq. (2.18), so that we can also deduce a formula for the coefficients B n (in terms of T ), as follows: 
Integral equation. Quasi-one-mode approximation.
An integral equation to be satisfied by function g arises from the assumption of continuity for the pressure field along the opening, as follows:
(3.1) By using Eqs.(2.2) and (2.11), we easily deduce
in which one could imagine substituting B n , T from system (2.18,2.20). That would lead to an (exact) integral equation, which of course could be directly submitted to standard numerical algorithms for arbitrary values of the geometrical and physical parameters. However, this paper aims to remain in a full-analytical context, and to this end we agree to make the following approximation: recalling the range of frequency in (2.4), we assume to be negligible each term containing (ak) 2 when compared with (πn) 2 ∀n = 1, 2, ... ;
this implies that q n πn a , s n πn a , n = 1, 2, .... 1 (3.3) (In some power expansions, the term Ωa will be retained up to and including the third power.) As a consequence, formulas for B n , T become
where for convenience we have put 
keeping for simplicity the same symbols for g, t, y. Of course, after this transformation, in Eq.(3.6a) for T it follows that
Moreover, in the kernel above we can put
Now, it is clear that if one solves the following auxiliary integral equations, (3.10) each one free of any frequency parameter, then, by linearity, the solution of Eq.(3.8) can be constructed as
This gives for constants G, G(n) in Eqs.(3.9) the expressions
where we have introduced the constants
g m (t) cos πn a t dt, m, n = 0, 1, 2, ..., (3.12c) which are free of frequency. Going back to Eq.(3.6a) and substituting there G, G(n) from (3.12), we finally have a formula for the transmission coefficient T in which dependence on frequency appears in explicit form: and apply integration by parts in Eq.(3.10); we get it follows that
Analytical solution of auxiliary integral equations and calculation of constants G
so that Eq.(4.2) can be rewritten in complex form as According to the classical theory of singular integral equations of Cauchy type [17] , the general solution of Eq.(4.5) can be given as By requiring boundedness of the solution (4.6) as z → α, we get a particular value for the constant C,
so that Eq.(4.6) itself becomes:
Imposing also boundedness of (4.8) as z → β gives the following condition: 
, (4.10) where integral (A.5) has been used (see Appendix) and Eq.(4.9) taken into account. It is clear that, after substituting F m (·) from Eq.(4.5b), Eqs.(4.9) and (4.10) represent a 2 × 2 linear algebraic system for determining Ψ m , G 0 m . To render it explicit implies evaluation of several integrals, as shown in the Appendix; see integrals (A.b, A.1, A.2, A.6, A.7, A.8, A.9).
One finally gets
whose solution is easily given by
π ln sin πd 2a
. where the integrals
are calculated in the Appendix (see (A.10, A.11)); the braces with a prime around the summation above mean that such a term is absent when n = 1 (also in the forthcoming Eq.(4.16)). Equation (4.13), by using Eqs.(4.14, 4.15) and substituting F m (·) from (4.5b), leads to
Besides integrals of type J ±k (see (A.b, A.1) of Appendix), the new integrals with logarithmic integrand which now appear,
dξ, (4.17) are calculated in the Appendix; see (A.12, A.18, A.20, A.21).
As a result of all the previous calculations, the (analytic) expression of G n m can be used in formula (3.13) . 
| |

Wave properties of the structure.
To reflect the results of our analytical approach, several examples of propagation have been considered by giving various values to the geometrical and physical parameters involved. Since we focused our attention upon dependence with respect to size and tension of the membranes, we have assumed three values for their (relative) width b/a : b/a = 0.1, 0.5, 0.9; and four values for the (nondimensional) parameterτ ≡ k 2 /Ω 2 = τ / ρ e c 2 , which gives a (relative) measure of the tension assigned to the membrane :τ = 10 −4 , 10 −3 , 10 −2 , 10 −1 . Thus, many lines for the transmission coefficient |T | as a function of the frequency parameter ka (in the one-mode range (0, π)) have been constructed operating by means of Eqs.(3.13), (4.16) . For all of them, we assumed a fixed value of the ratio ρ e /(aρ a ) (= 10), meeting a typical example for the (elastic and acoustic) materials involved along with the period of the scattering structure (see . Of course, in view of the approximation implied by Eqs. (3.3) , the lines are more meaningful in the first half of the range. In this connection, a numerical investigation of the exact integral equation arising from Eqs.(3.2, 2.18, 2.10) has shown that the (relative) error on |T | is less than 10% up to ka 1.6 in the (worst) case b/a = 0.9 , keeping under 5% and 2% in the remaining cases b/a = 0.5 and b/a = 0.1, respectively. 2 The quoted approximation can also be estimated (to a certain extent) by taking for comparison the results shown in [11] , which correspond to absolutely rigid screens. Indeed, when we have now built up a line for the reflection coefficient R (= 1−T ; see Eq.(2.11) 1 ) by using a limited large value for the tensionτ (and an equivalent geometry), we practically found the same line marked with n.3 in Fig. 2 of that paper, which reflects a well-known (analytical) approach developed by Lamb and Miles; see the remarks and references therein reported.
Looking at the figures, we can observe first of all that the transmission increases with the tension given to the membrane, whatever the width and frequency of the incident wave might be. The transmission also appears to increase with respect to the membrane's width, except for the case of (relatively) small tension (τ = 10 −4 or 10 −3 ), in which the membrane with b/a = 0.1 allows more transmission than the membrane with b/a = 0.5 (but less than the membrane with b/a = 0.9). Moreover, as reasonably expected, with small membranes the transmission is less sensitive to the tension's values.
In any case, with a view to the possible applications in problems of noise control (see the Introduction), the more efficient attenuation of the transmission seems to occur for membranes occupying about a half of the period in the structure (b/a = 0.5) and preloaded with (relatively) small tension; see line 2 in Fig. 2 . On the contrary, the greatest transmission is given by wide and well-stretched membranes; see line 3 in Fig.  5 .
The starting values are (see (A.7, A.14)):
Continuing on, we have (putting ξ = 1/ζ and then ζ − α = β − η) :
The first integral on the right-hand side is calculated by expanding the term in the power k − 1, so that we easily get:
Moreover, it follows that (putting ξ = 1/ζ) :
